We derive closed-form expressions for the greeks of a number of types of weather derivative contract under the assumption of a normally distributed settlement index.
Introduction
Both actuarial and arbitrage pricing of weather derivatives usually involve the calculation of an estimate of the expected payoff, and derivatives of that payoff with respect to various parameters (see for example ). In the case where the settlement index is normally distributed and the payoff function is piecewise linear these can all be calculated using closed-form expressions. Specific examples of these expressions are often used in industry, and have been given by a number of authors such as McIntyre (1999) , Jewson (2002b) and . However, none of these sources gives a comprehensive list of expressions for all commonly traded contract types. The purpose of this article is to create such a list. Part 1 gives expressions for the expected payoffs for seven contract types: swaps, calls, puts, collars, straddles, strangles and binaries. We now give corresponding expressions for the greeks. In section 2 we define the greeks and in section 3 we prove some relations that we use in section 4 where we derive closed-form expressions for the greeks for our 7 contract types. Finally in section 5.1 we make some closing observations.
The Greeks
We now define the various partial derivatives of the expected payoff (the 'greeks'). We consider the expected payoff to be a function of the expected index and the standard deviation of the index:
We assume that interest rates are zero throughout.
Delta
We define delta as the partial derivative of the expected payoff with respect to the expected value for the index, holding the standard deviation constant:
Gamma
We define gamma as the partial derivative of delta with respect to the expected value for the index, holding the standard deviation constant:
Zeta
We define zeta, which is unique to weather derivatives, to be the partial derivative with respect to the standard deviation of the index, holding the expected index constant:
Zeta is sometimes called 'index vega', but we prefer to use the name zeta because it comes with a symbol.
Theta
We define theta to be the partial derivative of the expected payoff with respect to time, holding the expected index constant, but not holding the standard deviation constant:
We see that theta is fixed by the zeta and the relationship between σ and time. The simplest plausible model for this relationship is a "root-n" model of the form:
where t 0 is the start of the contract, T is the end of the contract, and ν is a constant which represents the daily volatility of the expected index. Differentiating this gives:
and hence:
The simple root-n model does not take into account seasonality in the daily volatility or the effects of the overlap of forecasts with the contract period. For a discussion of the latter effect and a more accurate model for σ(t), see Jewson (2002a) .
Vega
We define vega to be the partial derivative of the expected payoff with respect to the daily volatility ν, holding the expected index and time constant, but not holding the standard deviation constant.
= ∂µ ∂σ ∂σ ∂ν
= ζ ∂σ ∂ν
Using the simple root-n model for σ given above we then have:
Temperature delta
Occassionally it is useful to consider the partial derivative of the expected payoff with respect to temperature, rather than the index. We call this partial derivative "temperature delta". Temperature delta has the advantage over delta that values for cumulative average temperature (CAT) and heating degree day (HDD) indices for the same time period can then be combined (although the need to do this rarely occurs in practice). To define the derivative properly it is necessary to specify exactly which temperature is being used. One could consider variations in the most recently measured temperature or one could also consider varying the mean values of future temperatures. For any definition of T , starting from:
and differentiating with respect to T gives:
and we see that temperature delta can be calculated using delta and zeta.
Useful relations for deriving expressions for the greeks
We now derive some expressions that we will use later on.
In order to calculate deltas we note that:
For a large class of distributions, including the normal distribution, the PDF satisfies:
and so
i.e. for the normal distribution, delta is the average slope of the payoff, weighted by the probabilities of different payoffs.
We will derive expressions for gamma by differentiating the expressions for delta. In order to do this, we note that:
and hence that
For zeta, we note that:
Closed form expressions for the greeks
We now derive closed form expressions for delta, gamma and zeta for each contract type. Expressions for theta and vega can be derived from the expressions for zeta, and expressions for temperature delta can be derived from the expressions from delta and zeta.
Swaps
For the delta:
Using the definition of the swap payoff function given in part 1, this gives:
In the uncapped case:
For the gamma:
For the zeta:
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5 Final comments
Black-Scholes and the greeks
The Black-Scholes (BS) partial differential equation (PDE) for the price of an option can be considered as a relationship between the greeks. An adaptation of the BS PDE to the case of weather options has been given by Jewson and Zervos (2003) . The adapted equation is:
where V is the value of the option, K is the swap strike, t is time and ν is the daily volatility. Writing this as a relation between the greeks, we have:
Setting interest rates to zero this gives:
Rewriting in terms of the index standard deviation rather than the volatility, using the simple root-n rule discussed above, this gives:
Comparison of the closed-form expressions derived above for zeta and gamma shows that relationship holds.
Delta and the probability of being in the money
We now show that for almost any index distribution, when the tick is one, the delta of a call option is equivalent to the probability of hitting the strike but not hitting the limit.
For many distributions,
, and so:
For a call structure:
And so when D = 1, we have ∆ = F (L) − F (K), which is the probability of hitting the strike but not the limit. In the case of uncapped calls ∆ = F (K), and so delta is the probability of ending up in the money. We note:
• Similar relations exist for other option structures: the crucial ingredient is that the payoff must be piecewise linear
• This relation is often discussed in more traditional Black-Scholes option pricing. However in that case it is only true under risk-neutral, rather than true, probabilities. In the weather case it holds under true probabilities because delta is defined in terms of the expected payoff under true probabilities.
Interpretation of delta and gamma
Because:
we see that delta can be interpreted as the average slope of the payoff curve, weighted by the probabilities of the different possible outcomes for the index.
Similarly, gamma is the weighted average of the curvature of the payoff curve:
Total derivatives
The total derivative of the expected payoff is given by:
= ∆dµ + ζdσ
Summary of interpretation of the greeks
We now briefly summarize how the different greeks can be interpreted and used. Delta:
• is the partial derivative of the expected payoff with respect to the expected index, with the index standard deviation (or the daily volatility and time) held constant
• is the probability of hitting the limit but not the strike for call and put options, under many index distributions, and for a tick of one
• is the mean of the slope of the payoff, weighted by the probabilities of the various possible outcomes for the index
• is (minus one times) the size of the best linear hedge of an option
• can be used to derive a good indication of the likely size of the random changes in the expected payoff over one day, which are given by delta multiplied by the daily volatility
• can be used to derive an indication of the likely size of random changes in the expected payoff over n days, by multiplying the above estimate by the square root of n.
• is an indication of the likely size of errors in our estimate of the expected payoff induced by an error in the estimate of the expected index of one Gamma:
• is the partial derivative of the delta with respect to the expected index, with the index standard deviation held constant
• is the mean curvature of the payoff, weighted by the probabilities of the various possible outcomes
• can be used to derive a good indication of the likely size of the random changes in the delta over one day, which are given by gamma multiplied by the daily volatility
• can be used to derive an indication of the likely size of random changes in the delta over n days, by multiplying the above estimate by the square root of n.
• can be used to derive a second order correction to a delta-based estimate of the likely size of the random change in the expected payoff over one day, given by one half of the gamma multiplied by the daily volatility squared.
Zeta:
• is the partial derivative of the expected payoff with respect to the standard deviation of the settlement index
• is an indication of the likely size of errors in our estimate of the expected payoff induced by an error in the estimate of the standard deviation of the settlement index of one Theta:
• is the partial derivative of the expected payoff with respect to time, holding the expected index constant
• can be used (directly) as an estimate of the likely size of the deterministic changes in the expected payoff over one day. Note that whereas changes in the expected payoff estimated using delta can go in either direction, changes derived using theta go in the direction indicated by the sign of theta.
Numerical examples
To facilitate debugging, we now give numerical examples of each of the above expressions.
In all these examples, we assume µ = 1670 and σ = 120. 
